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Topics in STAT 542

@ Probability Theory
@ Transformation and Expectations

@ Common Families of Distributions

Multiple Random Variables

@ Properties of Random Sample
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Topics in STAT 543

@ Principles of Data Reduction

@ Point Estimation

Hypothesis Testing

@ Interval estimation

Asymptotic Evaluations
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Sample Space

@ The set of all possible outcomes of an experiment is called the sample space.

B : _ ((H.H.H).(T.H.H).(H.T.H). (H.H.T)
Cnin< % = ’{ (H.T.T).(T.H.T).(T.T.H)‘(T‘T.T)}
T
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> (1,1).(1,2).(1,3).(1,4).(1,5). (1,6)
(2,1).(2,2).(2,3).(2,1).(2.5). (2.6)
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(4.1).(4.2).(4.3).(4.4).(4.5). (4.6)
(5.1).(5,2).(5,3). (5, 4).(5.5). (5.6)
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Random Variable

@ A random variable is a real-valued function defined over the elements of a sample

space.

Roll a pair of dice and define X as a total sum of the points.

47

(1, 1).(1,2).(1,3).(1,4). (1.5).(1,6)
(2.1).(2,2). (2.3).(2.4). (2.5).(2.6)
(3.1).(3,2).(3,3).(3,4).(3.5).(3.6)
(4,1).(4,2). (4,3). (4,4). (4.5). (4.6)
(5.1).(5.2). (5.3).(5.4). (5.5).(5.6)
(6,1).(6,2).(6,3).(6,4).(6,5).(6.6)
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if w€ {(1,1)}
if we {(1,2)(21)}

if w € {(13)(22)(3.1)}

if w € {(1LH(23)32(4D}
if w € {(1,5)(24)(3.3)(4.2)(5.1)} w
if @ € {(1,6)(25)(34)(4,3)(52) (6,1)}
if w €{35)(53)(4D(26)(62)}

if @ € {(3.6)(4.5)(5.4)(6,3)}

if w € {(46)(5,5)(6.4)}

if w € {(5,6)(6,5)}
if w € {(66)}

w=2={11)
=3} ={(12)(21)
W=4={13)2E1}
A =5} =
w=6=

means {X = 7] =

Outcome | X =8} =
x=9=
{X =10} ={(4.6)(5,5)(6,4)}
{X =11} ={(5.6)(6,5)}
{Xx =12} ={(6.6)}

Figure: The RV X is defined as the sum of points (X7 y)

Sabzikar, Farzad Some required calculus skills for STAT 542 & STAT 543




Discrete & Continuous Random Variable

Random Variables
— XY, ZL W
the values of random variables

xy.Z,w
Types: Random
Variable
|
[ 1
Discrete Continuous
Bernulli Binomial Poisson Normal Exponential Gamma Beta

Figure: Some well-known Random Variables




PDF, PMF, CDF

Discrete Random Variable

Continuous Random Variable

Probability distribution of X

Probability density function

f(x) =P(X=x)

f(x)

A function can serve as
the probability
distribution function of a
discrete random variable
X if and only if its values,
f(x), satisfy the condition.

1)

2)

f(x) =20 for each value
within its domain;
Yf(x) =1, where the
summation extends over
all the values within its
domain.

A function can serve as
the probability density
function of a
continuous random
variable X if and only if
its values, f(x), satisfy
the condition.

1)

2)

f(x) = 0 for each value
within its domain;

_fxn f(x)dx = 1, where the
summation extends over all
the values within its domain.

Distribution function of X (or cumulative

distribution of X (CDF))

Distribution function of X (or cumulative

distribution of X (CDF))

F(x) = P(X<X) = Zp(x: )

y=x

Fx)=P(X=x)= Jx fx)dx

for —wo<x<eo
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PDF, CDF: Example

A random variable X has a Uniform Distribution and it is referred to as a continuous uniform random
variable if and only if its probability density is given by
1
_— foroa < x <
POF f(x) f()~{F f
0, elsewhere,
AT
Note: f(x)is a density function, because
1 o o B B B
' ' [[ro0-an= [ 5= an =
: ' orax= B—a = f—a *
1 1 a a @
1 1 1
: ! S TR N
o a b Tx
X~Unif(a, B)
AT .
Note: If X~Unif(a, B) then
y
1 -
SR o~ FO) =P <) = [ () dx
1 ' @
1 1 y
! ! =f 1o b
] R
(o] a ¥ b Tx
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Derivative formulas

d _ d _ d o d -
a(c)—ﬂ a(x)—i a(cx)—c-a(x)—c
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Lutvte) =)+ @)

d d
d d d d oy v - @)
° — L el d d
ix (w) =u ix (w)+v i (w) e (;) — % v=0
d _ d . d . d
i (uvw) = uv ix (vw) + uw i (v) +vw iz (u)
d d d (c d (1
we=c g ()= -—Fnw  uro
% (x™)=m-xm?
d . d z=ym
G = @) Y= u(x)
Loy = px | Ly =1 igg(x) = g'(x)- 9™
dx ! dx x dx
g% = g% - In(a) Ll )] = &)
dx b ax Y g[x)

d
af[g(‘x}} =g()' - f'lglx)]




Integration formulas

{adx=a-x

[af(x)dx=a (f(x)dx

[(uiv)dx: [udxi [v dx

[udV:u-Uffvdu

x?’l+l dx
{x”dx:n+1 (n=1) JTZITL‘X‘
2x +x Bm
fvxm dx = rvx JW dx:px ad (m+p=+0)
m+ 2 m+p
ax

Je"d;\':ex

e
ax =—
fs dx = (a#0)
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Mean & Variance

Continuous
Random Variable

I’F X is a continuous random variable and f(x) is the value of its probability
density at x, the expected value of X is
o

E(X) = f x - f(x)dx

—
If X is a continuous random variable and f(x) is the value of its probability
density at x, the expected value of g(X) is given by

©

By = [ 900+ f()dx

—co

T'he mean and variance of the uniform distribution X are:

B
1 1 1 x? a
E(X):jrf(x)'dx:fx-ﬁ-dx:ﬁ-jx-dx:ﬁia-7i: ;'E
) 8 . L ! o
EXZ]:sz-f(x)-dxzfxz-ﬂ-dXZE-sz-dxzﬁia-%a
- s -2

and the variance is following by

)

Var(X) = E[X?] = [ECOF = o) =B
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Multiple Random Variables

Joint PMF: Two RVs X & Y.

Joint PDF: Two RVs X & Y.

fey(xy) =PE=xY=<y)

fer(xy) =PE=xY=y)

A bivariate function 1) f(x,y)=0 for each
can serve as the joint pair of values (x, y)
probability density within its domain;

function of a pair of 2) EuXyfloy)=1 )
discrete random where the double
variables X and Y if summation  extends

over all possible pairs
within  its

and only if its values,
f(x, y), satisfy the (x b/)
conditions domain.

A bivariate function 1) f(x,y)=0 for each
can serve as the joint pair of values (x, y)
probability density within its domain;
function of a pair of 2) LVOO ffmf(x, y)dx dy =
continues random 1 , where the double
variables X and Y if summation extends over
and only if its values, all possible pairs (x, y)
f(x, y), satisfy the within its domain.
conditions

Joint CDF: Two RVs X & Y.

Joint CDF: Two RVs X & Y.

Frp(ny) =P(X < x¥ <) = Y Y f(s)
s=x tsy
For —» <x <00, -0 <y<®

v

Fxy(x,y)=PX <x,Y<y)= f Jf(s.r)ds dt
For —oo < x < oo,—uo:?ag;z o

Marginal Distribution:

Marginal Density Function:

If X and Y are discrete random variables and f(x, y) is
the value of their joint probability distribution at (x,
y), the function given by

If X and Y are continuous random variables and f(x, y) is
the value of their joint probability density at (x, y), the
function given by

For each x within
the range of X is P(X:x):ZP(X:x,Y
called the 0

marginal =y)
distribution of X.

fx(x) is called
the marginal
density of X.

500 = [ fonyyay

for —w<x <o

Farzad
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Multiple Random Variables: Example

Let X and Y be continuous randoh\ variables having joint probability density function:

_(k(x*+y*), 0=x=1 0=<y=1
Frrxn) = { " 0w

a) Find the constant k.
b) Compute P (x > %,Y < %)
c) AreXand Y independent? Justify your answer.

a)

VEflfo Jo Faw y)dxd!y 1

f jfxy(x.y) dxdy = j f k(x® +y?) dx dy = ff(kxz +ky?)dxdy = flj(kxz +ky?) dx|dy

1
—j kaz dx+JE % dx| d. —J k-1|1+k- 1-x|1 d —j[k-lﬂc- z]d
= =4 y= ol | | = 3 y'|dy
0 |o 0 0 0
1 1

1 191 ¥
:jk-—dy+jk-y’dy:k-—-y| +k-—
3 3
0 o

1 1 2
=—k+-k="k=1
0o 3 '3° 3

0 3
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D 71 1 1
fffxvy(x.y)dxdy=ffk(x +y?)dx dy ff(kx2+ky2)dxdy f f(kx2+ky2)dx dy
ol o1 01 0|1

2 2 2 2
1
21 1
3|1 1
:f kaz dx+fkyzdx dy:f[ —l1+kyx 1}dy
0|1 1 2
2 2
1y
=ik -k + ke y2 —lic-y?|dy=1/a
1 1 1
13 = [ Fryuy)dy 1) = [ Frryrdz = [ (s + ky?) d
0 0 0
1 1
3, 3
:](kxz +ky?)dy :J[§x2+§yz] dx
01 g 3
3 3 =+
Y N S s 22
Hzx I ] dy
0
3 1
_&om
=5xt o

3 2 1 1 3 9 2 2
@ Fo) = (G2 +2) (5+392) = oxtt 4322 1292 4o = fry(y)
So the random variable X and Y are not independent to each other
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Some General Advice

Be confident.

Be in contact with faculty members.

Be in touch with your classmates.

@ Be organized in your academic life.
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