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Notation Used in These Notes

v forall

3 there exists

> such that
therefore
because

O end of proof
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More Notation

C; = C, Condition C; implies condition C;.

C, < C, C;istrueifand only if (iff) C, is true.
(Cy and C, are equivalent.)

xeS x is an element of the set S.
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More Notation

S1 C S8, S is aproper subset of S,
(Every element of S; is also in S, but
S, has at least one element not in S;.)

S§1CS, S isasubsetof S,.
(Every elementin S is also in S, and

the sets may be exactly the same.)

R” Euclidean n-space
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Matrix Notation

ayp ap -t dip
ayy azp - Ay |, . .
® A =lay] = is a matrix with m rows and n
a ) . .
mxn - - ", :
_aml ap2 amn_
columns.

@ The entry in the i’ row and j column of A is a;;.

@ Throughout these slides, we consider the case where a;; € R
Vi=1,....mandj=1,...,n.
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Vectors

@ A matrix with one column is called a vector. For example,

4
3| is a vector.
-9

@ A matrix with one row is called a row vector. For example,

2 4 —2 8 1| isarow vector.
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In these notes,

Matrices are represented with bold uppercase letters.

Vectors are represented with bold lowercase letters.
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Some Special Vectors

@ 0 (or0,) is a vector of (n) zeros.
@ 1 (or 1,) is a vector of (n) ones.

@ For example,

1

0
0, = and 13 = |1
0 1
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Square Matrices

@ Matrix A is said to be square iff m = n.

@ In other words, a matrix is square if and only if its number of rows
is the same as its number of columns.
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Special Types of Square Matrices

@ A square matrixé is upper triangular if a;; = 0,V i > j.

@ A square matrix,;l is lower triangular if a;; = 0,V i < j.

@ A square matrixnénis diagonal if a; = 0,V i # j.

@ Write one example for each of these types of matrices.
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Examples

(1 0 4 6
. 0 2 -3 5
@ Upper triangular
00 2
0 0 01
1
@ Lower triangular |2

4 0 0
@ Diagonal |0 9 0
0 0 —13
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Identity Matrices

@ Weusel (orl, Ornl,,) to denote the (n x n) identity matrix, which is
the diagonal matrix with all () ones on the diagonal.

@ For example,

I3 =153 =

o O =
oS = O
- o O
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Matrix Transpose

If A = [a;], the transpose of A, denoted A’,is the matrix B = b,

where bjj = a;;,Vi=1,....m; j=1,...,n

That is, B = A’ is the matrix whose columns are the rows of A and

whose rows are the columns of A.
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A Symmetric Matrix

A square matrix A is symmetric if A = Al
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Transpose and Symmetric Matrix Examples
@ Find the transpose of

s

@ Provide an example of a symmetric matrix.
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Transpose and Symmetric Matrix Examples

J ]

@ The matrix

is symmetric.
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Matrix Addition

Suppose
mén: [al]] andﬂ‘lg]‘l: [bl]].
Then
A+ B= [a,-j + b,‘j].
That is, A + B is the m x n matrix C, whose i, jth entry ¢;; is equal to
a,-j+b,-jfori: I,....mandj=1,... n.
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Matrix Addition Example

8 —2 —4 2 8—4 —242 40
5 1|+|—2 s5|=|5-2 145/=|36
2 4 7 -1 247 4-—1 53
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Scalar Multiplication of a Matrix

If ¢ € R, then ¢ times the matrix A is the matrix whose i, j”* element is

c times the i,/ element of A; i.e.,

_66411
caz]
cA = clajj| = |cay] =
mxn )[n ><l{1] [mxf'{]
_Caml

Dan Nettleton (lowa State University)

caln

caz

[&277%)

Cdin

Ccanp

Cmn

Department of Statistics 19/108



Example Scalar Multiplication of a Matrix

8 -2 24 -6
31 5 1{=1]115 3
-2 4 -6 12
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Matrix Multiplication

Suppose

A=l =
and

B.=[by] =

a4
- [a17
!
L% (m)
4./
b
t = by,
!
5(n)

In other words, the i, ith element of A is denoted q;;, the ith row of A is

denoted a’(i), and the /th column of A is denoted a,; (and analogously for

the elements, rows, and columns of B).
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Matrix Multiplication

Then
mén ngk - m><k: CU Zallbl]] - -Cij - a,(l)bj]
/ -
a(l)B i
= [Abl,...,Abk] = :Zalbl(l)
a’(m)B_ =

(Note the many equivalent ways to think about and compute a matrix
product.)
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Matrix Multiplication

@ Suppose

A—

12
3 4

5 6
7 8|

© Work outAB using AB = 37 aib|).

and

B —
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Matrix Multiplication

[1 2] [5 6] '1] 2
= | |5 6+
3 4|17 8 3 4
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Transpose of a Matrix Product

(AB) = B'A’

@ The transpose of a product is the product of the transposes in
reverse order.
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Linear Combination

fxi,...,x, e R"and ¢y,...,c, € R, then

n
E CiX;i = C1X1 + -+ + CuXy
i=1

is a linear combination (LC) of x, ..., x,.

The coefficients of the LC are ¢y, ..., c,.
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Linear Independence and Linear Dependence

@ The vectors xy,...,x, are linearly independent (L) iff

n
Zcixizoonlywhencl =...=¢, =0.

i=1

@ The vectors xy,...,x, are linearly dependent (LD) iff

n
Jey,...,conotall 03 Zcix,-:o.

i=1
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Prove or disprove: If one or more of x4, ..., x, is the vector 0, the
vectors xy,...,x, are LD.
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@ Suppose x; = 0 for some j € {1,...,n}.

@ Ifwetake ¢; = 1and ¢, = 0 forany k # j, then >~"_, ¢;x; = 0 and
ci,...,c, are not all zero.

@ Thus, vectors x1, ..., x, are LD if any of the vectors are 0. O
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Prove or disprove: The following vectors are LI.

1 9
=51, , | —6
3 1 7
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o Ifwetake c; =2,cp = 1,c3 = —1 then

1 7 9
c1 | =5 +c |4] +c3 |—-6] =0.
3 1 7

Thus, the vectors are LD. O

@ One way to arrive at such solution is to search for a solution to the
system of the equations:

c1+Tco4+9%3 = 0
—5¢1 +4cp —6¢c5 = 0
3¢ci+cy+T7¢c3 = 0.
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Fact V1:

The nonzero vectors xy,...,x, are LD <= x;isa LC of xy,...,x;_; for
somej € {2,...,n}.
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Proof of Fact V1:

(=) Suppose there exist i, .

..,cpsuchthat 37 cix; = 0. Let

Jj=max{i:c; # 0}.

Since x1, ..
j

Zcixi =0 —
i=1

—

.,X, are nonzero, j > 1. Then

j—1
CiXi = —ijj'.
i=1
j—1
—c;
X; = X;j.
— Cj

i=1

(<=) Suppose x; = >_| c;x;, then 3", dix; = 0, where

Ci
=141
0
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Orthogonality

@ The two vectors x,y are orthogonal to each other if their
inner product is zero, i.e.,

n
Xy=yx=> xy=0.
i=1

@ The length of a vector, also known as its Euclidean norm, is

n
E 2
X;

i=1

) = Vi =
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@ The vectors xy, ..., x, are mutually orthogonal if

xx; =0, Vi#j

l

@ The vectors xy, ..., x, are mutually orthonormal if

xxj=0 Vi#j and|x||=1 Vi=1,...,n
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@ Write down a list of mutually orthogonal but not mutually
orthonormal vectors.

@ Write down a list of mutually orthonormal vectors.
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|, are mutually orthogonal but not mutually orthonormal.

', are mutually orthonormal.

1 1
o |v2|,| V2| are mutually orthonormal.
V2 V2
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Orthogonal Matrix

@ A square matrix with mutually orthonormal columns is called an
orthogonal matrix.
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@ Show that if Q is orthogonal, then Q'Q = 1.

@ Show that if Q is orthogonal and x is any vector of appropriate
dimension, then ||Qx|| = ||x||.
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® 0'0 = [qiq], where Q = [q;, .. ., q,]-

@ By orthogonality of Q, ¢q,, . . ., g, are mutually orthonormal.

@ Thus,
6ig; =0 Vi#j
and
lg;l=1 Vi=1,...,n
00=1
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1]l = (Qx)0Ox
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An orthogonal matrix Q is sometimes called a rotation matrix because
if a vector :Xclis premultiplied by Q, the result (Qx) is the vector x rotated

nXn

to a new position in R”.
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Vector Space in R”

A vector space S C R" is a set of vectors that is closed under addition

(i.e., ifx; € S,x, € S, thenx; +x, € S) and closed under scalar

multiplication (i.e., if c € R,x € S, then cx € S).

In other words,

c1x1+cx2 €S Ve, €R; xp,x €8.
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@ Is {x e R": ||x|| = 1} a vector space?
@ Is {x e R": 1'x = 0} a vector space?

@ Is {Ax:xcR"} avector space?
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@ Supposey € R",c € Rand |jy| = 1, then

leyll = (cy)ey

= Vcyy

lelllyll = e

@ Thusy € {x € R": ||x|| = 1} does not imply that
cy € {x € R": ||x|]| = 1}. Therefore, this set is not a vector space.
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@ Let
S:{xER":llx:O}.

@ Suppose ci,c; € Rand xy,x; € S, then
1'(c1x1 + c2x2) = c1'x; + co1'x, = 0.

@ Thus c1x; + cpx2 € S and it follows that S is a vector space.
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o Let
S:{Ax:xeR’"}.

nxXm

@ Suppose cj,c2 € Randy,,y, € S.
oy, yeS=3dx,x,eR">
y; =Ax; andy, = Ax;.

@ Thus,
c1y; t oy, = C1AX] + cAx, = A(C]Xl + C2X2).

X 4 exy € R™ ey, + oy, € S. |t follows that S is a vector
space.
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Generators of a Vector Space

A vector space S is said to be generated by the vectors xy, ..., x, if
n

xeS:>x:Zc,-x,-forsomec1,...,c,,e]R{.
i=1
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Span of Vectors xy, ... ,x,

@ The span of vectors x, ..., x, isthe set of all LC of x1,...,x,, i.e.,
n
span{xy,...,x,} = Zc;xi iCl,...,cn€R

i=1

@ span{xy,...,x,} is the vector space generated by x, ... ,x,.
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Find vectors that generates the space
{x eR}: 1'x = 0};
i.e., find vectors whose span is

S={xckR:1x=0}.
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1 0
@ letx;=| O0|,x»=| 1|.Notethat1x; =0and1x, =0.
—1 —1
Thus, x1, x, € S so that span{x|,x,} C S.

_y 1

@ Now supposey = |y2| € S.
BE
Then 0 =1y = y; +y2 +y3 = y3 = —y1 — y2 S0 that
Vi 0 i i
YiX1 + yoxs = O + | »f = 2| = |y =y
|~ N1 - Y1 =X Y3

oS Cspan{x;,x,}, and S = span{x,x,}.
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Basis of a Vector Space

If a vector space S is generated by LI vectors x,
form a basis for S.
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Fact V2:

Suppose ay, ..., a, form a basis for a vector space S. If by, ..., b; are
LI vectors in S, then k < n.

Dan Nettleton (lowa State University) Department of Statistics 53/108



Proof of Fact V2:

@ Becauseay,...,a, formabasis forSand b, € S, b, =), cia;
for some ¢y,...,c, € R. Thus, ay,...,a,,b; are LD by Fact V1.

@ Again, using V1, we have a; a LC of by,ay,...,a;_; for some
je{1,2,...,n}.
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@ Thus, by,ai,...,a;_1,a;11,...,a, generate S. It follows that
b\,ay,...,aj_1,a;,...,a,, by are LD vectors by V1.

@ Again by V1, one of the vectors by,b;,ay,...,a;_1,aj;1,...,a,iS a
LC of the preceding vectors. Itis not b, " by,...,b; are LI.
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@ Thus b,,b, and n — 2 of ay, ... ,a, generate S.

@ If k > n, we can continue adding b vectors and deleting a vectors
to get by, ...,b, generates S. However, then V1 would imply
by,...,b, 1 are LD. This contradicts LI of by,...,b; ..k < n. O
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Fact V3:

If {ai,...,a,} and {by,..., b} each provide a basis for a vector space
S, thenn =«.

Proof: By V2, we have k <nandn <k. . . k=n. O
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Dimension of a Vector Space

A basis for a vector space is not unique, but the number of vectors in
the basis, known as dimension of the vector space, is unique.
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Find dim(S), the dimension of vector space S, for

S={xecR: 1'x=0}.
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@ As demonstrated previously,

1 0
span o, 1 =S
-1 —
1 0 1 0
@ Because | 0f,| 1| arelLlvectors, | 0|, | 1| forms a basis

—1 —1 —1 —1
for S.
@ Thus,

dim(S) =2 (even though dimension of vectors in S is 3).
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Consider the set { 9.}' Is this a vector space? If so, what is its
dimension?
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@ {0} is a vector space because
c1x1 +cx, =0€ {0} Ve, e RandVxy,x; € {0}

@ The vector 0 generates the vector space {0}. However, 0 is not a
LI list of vectors and thus not a basis. By convention, we say
dim({0}) = 0.
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Fact V4:

Suppose ay, . . . ,a, are LI vectors in a vector space S with dimension n.
Thenay,...,a, form a basis for S.
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Proof of Fact V4:

@ It suffices to show thatay, ... ,a, generate S.
@ Let a denote an arbitrary vector in S.

@ ByV2,ay,...,a,,aare LD. By V1,a = >"" | c;a; for some

cl,...,cn €R.
@ Thus
n
S = {Zcixi:cl,...,cn GR},
i=1
and the result follows. O
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Fact V5:

Ifa;,...,a; are Ll vectors in an n-dimensional vector space S, then
there exists a basis for S that contains ay, . . . , a,.
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Proof of Fact V5:

@ k<nbyV2.
@ If k = n, the result follows from V4.

@ Suppose k < n. Then, there exista;.; € S such thatay, ... ,a;.

are LI. Because if not, a4, . .., a; would generate S (by V1), and
thus be a basis of dimension k < n, which is impossible by V3.
Similarly, we can continue to add vectors to {ay,...,a;+1} until we
have ay,...,a, Ll vectors. The result follows from V4. O
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Fact V6:

Ifay,...,a; are LI and orthonormal vectors in R”, then there exist
aii1,...,a, suchthata,..., a, are LI and orthornormal.

Proof: Try to come up with it on your own.

Dan Nettleton (lowa State University) Department of Statistics 67/108



Rank of a Matrix

It can be shown that

@ the (maximum) number of LI rows of a matrixmfxxnis the same as the
(maximum) number of LI columns offxl.

@ This number of LI rows or columns is known as the rank sz‘xl and
is denoted rank( A ) or r( A ).

mxn mxn

Dan Nettleton (lowa State University) Department of Statistics 68/108



@ Ifr(A)=m, Ais said to have full row rank.

mXn mxXn

@ Ifr(A)=n, Aissaidto have full column rank.

mxn
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Inverse of a Matrix

o If r(A) = n, there exists a matrix B such thatA B = 1.

nXxn n><nn><n nxn

@ Such a matrix B is called the inverse of A and is denoted A~!.
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° Provethatr(é):n@HB >A B=1.

nXn nXnnXn nXn

@ ProvethatA B=I=—B A =1

nXnnXn nXxXn nXnnXn nXxXn

@ ThusAA '=A"'A=1.
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Proof:
(=):
@ The columns of A form a basis for R” by V4. Thus, there exists a
LC of columns of éﬂthat equalse; foralli=1,...,n, where ¢; is the
i column of the ;dentity matrix I.

@ Let b; denote the coefficients of the LC of the columns of A that
yields e;. Then, with B = [b,,...,b,], we have
AB = [Abl, Ce ,Abn] = [81, NN ,en] =1
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(=)

@ If 3B >A B =1,then the columns of A generate R”

nXxn nXnnXn nXn

Vx eR"ABx = Ix = x.

@ If the columns of A were LD, then a subset of the columns of A
would be LI and also generate R".
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@ However, such a subset would be a basis for R” and thus must
have n elements.

@ Thus, the columns of A must be LI. Hence, r( A ) = n.

nxn

A B=1 = Columns ofA are LI

nXnnxn
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—

—

Rows ofé are LI

Rows ofé are a basis for R”

dC>C A=1I

nxn

nXn nxn

nxn
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@ Thus,

AB=1 — CAB=CI
— IB=C

— B=C.

@ AA ' =A"lA=1 O
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Singular / Nonsingular Matrix

@ Ifr(A)=n, Ais said to be nonsingular.

nxn nxn

@ Ifr(A) <n, Ais said to be singular.

nXx
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Inverse of a Nonsingular 2 x 2 Matrix

b d -—b
o | :dl_b[ ]ifad—bc;éo.
_C ] —C a
a b| . .
° is singular if ad — bc = 0.
C
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Column Space of a Matrix

The column space of a matrix A , denoted by C(A), is the vector space
generated by the columns Ofmén; ie.,

C(A) = {Ax : x € R"}.
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dim(C(A)) = r( A ) because the largest possible subset of LI columns

mX

of A is a basis for C(A).
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@ Let

N

I
AN O~
N o= O
0o A W

@ Find r(A).
@ Give a basis for C(A).

@ Characterize C(A).
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@ Thus, the columns of A are LD and r(A) < 3.

(]
1 0 C1
c1 |2+ (1] = |2¢1 4+ :0:>C1:C2:0.,',V(A):2.
4 2 dcy + 2¢2
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@ Abasis for C(A) isgivenby ¢ 2], |1

4 2
1 0
@xcClA)=x=c |2]| +c2 |1]| forsome ci,c; € R™.
4 2
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@ Note
c

X = 261+62 ZC],CZER :C(A)
dcy + 2¢p

is the set of vectors in R3 where the first two components are
arbitrary and the third component is twice the second component,
i.e.,

{x e R¥: 2x = x3}.
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Result A.1:

rank(AB) < min{rank(A), rank(B)}
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Proof of Result A.1:

@ Letby,...,b, denote the columns of B so that B = [by,...,b,).

@ Then AB = [Ab,, ... ,Ab,]. This implies that the columns of AB are
inC(A).
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@ dim(C(A)) is rank(A).

@ There does not exist a list of LI vectors in C(A) with more than
rank(A) vectors by Fact V2.

@ It follows that rank(AB) < rank(A).
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@ |t remains to show that

rank(AB) < rank(B).
@ Note that rank(AB) is the same as rank((AB)') = rank(B'A’).
@ Our previous argument shows that

rank(B'A") < rank(B') = rank(B).
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Provide an example where

rank(AB) < min{rank(A), rank(B)}.
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1 1 1
A= ,B = .
1 1 —1
@ Then
AB = 0.

@ Therefore,

rank(AB) =0, rank(A) =1, rank(B) = 1.
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Result A.2:

(a) IfA =BC,thenC(A) C C(B).

(b) IfC(A) C C(B), then there exist C such that A = BC.
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Proof of A.2(a):

@ Suppose x € C(A). Then Jy 5 x = Ay.
@ Now A = BC = x = BCy.
@ Thus, 3z 5 x = Bz (namely, z = Cy). .".x € C(B).

@ We have shownx € C(A) = x € C(B). .. C(A) C C(B). O

Dan Nettleton (lowa State University) Department of Statistics 91/108



Proof of A.2(b):

@ Letay,...,a, denote the columns of A.
C(A) CC(B) = ay,...,a, € C(B).

@ Letc; be suchthatBe; =a; Vi=1,...,n Then denote
C= [c],...,cn].

@ It follows that

BC = Bcy,...,c,)

= [al,...,an] =A.
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Null Space of a Matrix

@ The null space of a matrix A, denoted N'(A) is defined as
N(A) ={y: Ay =0}.

@ Note that N'(A) is the set of vectors orthogonal to every row of A.
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A vector in N'(A) can also be seen as a vector of coefficients
corresponding to a LC of the columns of A that is 0.
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Note that if A has dimension m x n, then the vectors in C(A) have
dimension m and the vectors in A/(A) have dimension n.
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Is the null space of a matrix A a vector space?
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@ Yes.

@ Supposex € N(A). ThenV ¢ € R,A(cx) = cAx = ¢0 = 0. Thus
xeNA) = xecNA) VceR.

@ Suppose x,x; € N(A). ThenA(x; +x;) =Ax; +Ax; =0+ 0=0.
ThUS,xl,XQ S N(A) — X +X2 € N(A)
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Find the null space of

- -
2

A=
-1 -2
3 6
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Ay =0—=

=y = —2y2 :>N(A) = {y S Rz Iy = —2y2}.

Dan Nettleton (lowa State University)

p

yi+2y2=0

2y1 +4y, =0
—y1—2y2=0
\3y1 +6y, =0
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Result A.3:

rank(A ) =n < N(A) = {0}.

mxn
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Proof of Result A.3:

@ Let[ay,...,a,) =A. Then
Y1
Ay = Jay,...,a,) |-

Yn
= yiai + -+ Yulp.

r(A)=n <= a,...,a, arell
< Ay=0onlyify=0
— N@A)={0}. O
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Theorem A.1:

If the matrix A is m x n with rank r, then
dim(N(A)) =n—r,
or more elegantly,

dim(N'(A )) +dim(C(A )) = n.

mxn
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Proof of Theorem A.1:

@ Letk =dim(N(A)). Results A.3 covers the case where k = 0.
Suppose now that k > 0.

@ Letuy,...,u; form a basis for NV (A4). Then
Au;=0 Vi=1,... k

mxn

@ By Fact V5, there exist uy1,...,u, suchthatu,, ..., u, forma
basis for R".
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@ We will now argue that the n — k vectors Auyy,...,Au, form a
basis for C(A).

@ If so, then

dim(N(A)) + dim(C(A)) =k +n—k =n,

dim(N(A)) =n—dim(C(A)) =n—r.
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@ Firstnote thatAu; € C(A) Vi=k+1,...,n.
@ Now note that

Cry1Augyr + -+ cAu, =0
= A(Cry1Upr1 + -+ catty) =0
= Ckpillky1 + -+ culty € N(A)
n
= dcy,...,cc ERScu; + -+ cpuy = Z cjlj

j=k+1
= clu;+ -+ g — Cpp1Up1 — - — Cplly =0

:>C1:...:cn:ObyLIOful,...,u,,.
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@ Therefore, Auy, 4, ...,Au, are LI.
@ Now letU = [uy, ..., uy,).
@ Becauseu,,...,u, are Lland abasisforR*, 3U"' s UU' =L

@ Letx € R” be arbitrary and define z = U 'x.
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@ Then

Ax = AUU 'x =AUz
= [Auy,...,Aup,Auiiq, ... Auylz
= [0,...,0,Auk+1,...,Aun]z

= 1At + o+ ZAuy,.

@ Therefore, any vector in C(A) can be written as a LC of
Auyy, ..., Au,.
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@ It follows that
Auyyy, ..., Au, is a basis for C(A).

@ n—k=randk+4r=n. O
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